Mass Transfer at High Péclet Numbers
for Creeping Flow in a Packed-Bed Reactor

An isotropic, homogeneous packed-bed reactor is modeled as an array
of sinusoidal periodically constricted tubes (PCT). The effective asymp-
totic bed-Sherwood number has been calculated for mass transfer at large
Péclet number with a constant wall concentration and creeping flow hydro-
dynamics. The bed friction factor has also been calculated. The results
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for these macroscopic bed quantities depend upon two ratios of the micro-
scopic PCT period length, average radius, and sinusoidal amptitude,

SCOPE

The mass transfer rate occurring across a packed-bed
reactor can be predicted a priori if the exact geometry of
the flow channels is known. This is usually impossible
except for a uniformly structured bed. It then becomes
necessary to introduce microscopic channel models for
the bed. The simplest model considers the bed to be an
array of straight cylinders. A higher-order approximation
accounts for the fact that the straight conduit model can-
not reproduce the contortions the fluid must pass through
in the bed. A periodically constricted tube (PCT) model
of a bed, however, is a step in this realization. The con-
verging, diverging character of the flow in these tubes
is a better approximation to the true nature of the flow
in the actual bed.

Using the PCT model for the flow channels in a bed,
the appropriate governing equations can then be solved
for the effective bed-Sherwood number. Specifically, the
Navier-Stokes equations must first be solved for the vel-
ocity field which is then used in the convective diffusion
eqhation to solve for the reactant concentration profile.
This paper presents results for the friction factor and
the Sherwood number of a deep bed modeled as an array
of sinusoidal PCT. Creeping flow has been assumed, and
the wall concentration of the reactant is constant through
the depth of the bed. Since the Schmidt number for liquid
reactants is high, a large reactant Peclet number is as-
sumed in the analysis.

CONCLUSIONS AND SIGNIFICANCE

A homogeneous, isotropic packed-bed reactor can be
modeled as an array of periodically constricted tubes. By
neglect of entrance region effects, the governing equa-
tions for fluid flow and mass transport need only be
solved in a single period owing to the assumed homeo-
geneity of the bed.

Interior collocation on a finite-difference grid was used
to reduce the creeping flow, Stokes, stream function equa-
tion in a sinusoidal PCT to a set of coupled, fourth-order,
ordinary differential equations. This approach is much
more economical than solving the full eliptic partial dif-
ferential equation by oyerrelaxation.

At a high reactant Péclet number in the fully developed
mass transfer region, the convective diffusion equation
for the reactant in a PCT can be reduced to a Graetzlike
eigenvalue problem. This technique is valid for laminar

flow in any PCT.

Figure 9 shows the friction factor, Reynolds number
product in creeping flow for a packed bed modeled as an
array of sinusoidal PCT. The results depend upon the
two dimensionless geometric variables r4 and A/r4 (Fig-
ure 2). As the average wall radius decreases, or as the
amptitude increases, the product increases.

Results are presented in Figure 11 for the asymptotic
Sherwood number of a deep-bed reactor with a large
reactant Péclet number in creeping flow. Again, the re-
sults depend upon the two dimensionless geometric vari-
ables. The bed-Sherwood number exhibits different be-
havior in the amplitude-radius ratio (A/r,) for small and
large values of r4. In beds of long skinny tubes (small ra),
the Sherwood number increases with A/r,, whereas for
larger 74 this trend reverses itself.

The flow channels in a randomly packed bed defy
an analytic expression. To predict a priori the transfer
rates in a bed, it becomes necessary to resort to empirical
correlations or, alternatively, to a microscopic model for
the flow channels. The appropriate rate equations can
be solved within the framework of the model to predict
the performance of a bed. Of course, the structured form-

AIChE Journal (Vol. 23, No. 3)

ulation of a microscopic channel model is a framework
to understand better the empirical correlations.

The simplest model of a bed considers the flow chan-
nels to be an array of straight tube capillaries embedded
in an impermeable matrix. Sheidegger (1957) and more
recently Dullien (1975) have provided a review of
this approach. Such a first-order approach cannot, how-
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Fig. 2. The wall of a PCT generaoted by ry(z) = rs — A cos (2rz).
All lengths are dimensionless with respect to the period fength /.

ever, without the introduction of another parameter,
satistactorily correlate experimental data. The straight
streamlines which result from appiying the capillary model
seem to be an inappropriate appioximation to the twist-
ing, converging, divergmg character of the flow in an
actual bed. ‘Lhis undulating character of the How can
have tremendous consequences on the bed pressure drop
and the fluid-to-particle (or vice versa) mass transfer rates.

Petersen’s (1958) work suggested that the Hlow chan-
nels in a bed can be modeled as an array of periodically
constricted tubes (PCT). Michaels (1959), Houpeurt
(1959), Batra et al. (1970), Dullien and Azzam (1973),
Payatakes et al. (1973), and Sheffield and Metzner
(1976) have contributed to this line of thought. The
converging, diverging nature of the flow in these model
tubes is a better approximation to the true character
of the flow in the bed. Payatakes et al. have argued by
statistical and heuristic means that the problem of model-
ing the flow behavior in an array of randomly sized PCT
reduces to considering a single dimensionless PCT. They’ve
presented a technique to calculate the PCT model pa-
rameters.

Having a flow channel model in hand, one can then
proceed to calculate the pressure drop and the reactant
concentration profile across a packed-bed reactor. Spe-
cifically, the Navier-Stokes equation must be solved first
for the velocity field (neglecting free convection); and
then the convective-diffusion equation must be solved
for the concentration profile of each reactant. Payatakes
et al. have outlined a technique for solving the full
Navier-Stokes equations in a PCT. No work to the
authors” knowledge has been done on the mass transfer
problem in a packed-bed reactor modeled as an array
of these PCT., In this work, we have calculated the
asymptotic, creeping flow Sherwood number (based on
a logarithmic mean concentration driving force) for a
single limiting reactant with a high Péclet number. Phys-
ically, these restrictions correspond to a liquid reactant
flowing through a deep bed at a low Reynolds number.
The reactant wall concentration is assumed constant
throughout the length of the reactor, corresponding to
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a limiting current condition,

The behavior of the effective mass transfer coefficient
through a packed bed depends upon the flow regime.
For a deep bed, the effective mass transfer coefficient
in creeping flow will become independent of the velocity.
This is in contrast to the entry region where the transfer
rate is proportional to the velocity to the one third power.
The entry region has an effective transfer coefficient
larger than that for deeper beds. Calculation of the
deep-bed asymptotic Sherwood number thus gives a lower
limit to the expected behavior. The horizontal line of
Figure 1 shows the nature of this Sherwood number.
The dashed lines indicate entry region coefficients for
two different sized beds. The line marked ¢L = 10 is
the Wilson-Geankopolis (1966) correlation. The left-
and right-hand sides of this figure indicate schematically
regions where axial diffusion and turbulent convection,
respectively, become important. The turbulent region
line is a plot of the Bird et al. (1960) correlation, while
the low Péclet number region is a plot of Sgrenson and
Stewart’s (1974b) calculations for a simple cubic packed
bed of spheres.

MATHEMATICAL MODELING

Creeping Flow in o PCT

The PCT considered is generated by the surface of
revolution of a cosine function about the axis of symmetry
as shown in Figure 2. All lengths are made dimensionless
with the period of oscillation /. The creeping flow equa-
tions are to be solved in this geometry. Because no
inertial effects are present and the tube wall is axially
symmetric at z = 0, 0.5, and 1, the radial velocity v,
will be zero at these same positions. It then follows that
the streamwise velocity vz will be an even periodic func-
tion of z with the same frequency as the wall oscilla-
tion. These considerations make it clear that the govern-
ing equations need be only solved in 0 = z = 0.5 for
this particular geometry,

A packed bed is modeled as an array of these PCT.
The fluid approaches the bed at a superficial approach
velocity v, The average dimensional velocity <vaq>
through each tube is defined such that the flow rate
in each tube is equal to <vag>wnr244, where ryy is the
length averaged dimensional radius. Geometrical consid-
erations show that <va;> can be written in terms of
the approach velocity as

s 1
<Vge> = 2 [ 14 5 (A/TA)Z]
€

where A is the dimensionless wall oscillation amplitude.
The governing equations need be solved in a single PCT.
These results can then be applied to the entire bed ow-
ing to the assumed homogeneity and periodicity of the
structure.

The dimensionless, incompressible Navier-Stokes equa-
tions for creeping flow with axial symmetry can be re-
duced to a single, linear, fourth-order partial differential
equation by introducing the normalized stream function

Yy as
E4 =0 (1)
where
02 1 9 92
e e 5]
o2 r or +az2 (2)
_ra® ey
T o or

(3)
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The stream function equation is to be solved subject
to the boundary conditions

v=0 (4a)

2 1oy pr=0
or r or (4b)
Lo _ (4c)

ror =)
v=1 (4d)

and a periodicity condition
gm am
oo V17 = —u(nz+ min,m=0,1,9,...

(5)

The boundary conditions of Equation (4) state that
at the center line the radial velocity is zero and the
axial velocity is symmetric, and at the wall there is no
slip on the axial velocity and the flow rate at each cross
section is a constant, here referred to a straight cylinder
of radius r,.

No analytic solution for Equations (1), (4), and (5)
could be found. Interior collocation on a finite-difference
grid was used to generate an approximate solution. The
collocation approximation technique is examined by Fin-
layson (1972), Villadsen (1970), and Villadsen and
Stewart (1967).

A transformed radial coordinate 7 is introduced by

n = 1/ry(2) (6)
The boundary conditions of Equation (4) along the wall
are then transferred to the coordinate curve n = 1. In

this new coordinate, the interior collocation technique
on a finite-difference grid can be used to approximate
the hydrodynamics. Assume a solution for the normalized
stream function of the form

NCP
¥(n,2) =29% — 4* +
k

7?2 (1 — 72)2A5(2) . —1(n?)

1
(7)

The first two terms on the right side represent the Hagen-
Poiseuille solution. The summation of terms can then
be considered as a correction function to the basic
parabolic flow. The functions ¢x—;{(n?) in the summation
term can be any complete set of functions. The weighting
factor n2(1 — #2)2 assures the correct behavior of the
solution at the boundary points y = 0 and 4 = 1. The
coefficients Ay (z) are unknown functions of z to be de-
termined subject to the boundary conditions

A¢'(0) = A(0) =0 (8)
Ak'(O.S) = Ak”’(O.S) =0

These conditions result from the periodic, symmetric
tube wall. In noncreeping flow, these coeflicients would
not identically equal zero but some constant which must
be determined as part of the solution.

A friction factor for a packed bed may be defined as

36¢8 ( —APg ) 1
= 9
fa - I o (9)
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Fig. 3. The (y, & 6) coordinate system.

A porosity dependence has been explicitly incorporated
into this definition. For creeping flow, the product of
the Reynolds number and the bed friction factor is a
constant given by

o) L gm0 ()

arag Tw

fBReB = 72(

NCP
{ I+ 2 A (z) [2¢k-1(0) — ¢”k—1(0)/2]} dz

k=1
(10)

This equation was derived by integrating the pressure
gradient in the Navier-Stokes equations over a period
at the center line. The left side of Equation (10) de-
pends upon the macroscopic bed quantities, while the
right side depends upon the microscopic model param-
eters r4 and A/r4 only.

Convective Diffusion Equation at High Peclet Numbers

The dimensionless, steady state, convective-diffusion
equation for a single limiting reactant can be written
in generalized vector notation as

2’A

v:-VC =
Pe

v (11)

This equation with a creeping flow velocity profile is
to be solved in the far downstream region of a PCT for
the asymptotic solution as Pe — 0. Solving this equation
in a straight tube after neglecting diffusion in the axial
direction, we obtain the well-known Graetz solution. At
high Pe it is also valid to neglect diffusion parallel to
the streamwise velocity in a PCT.

It is convenient to solve Equation (11) in a trans-
formed coordinate system (¢, £, #) (Figure 3). The ¢
coordinate is constant along streamlines and is found
directly from the stream function. The ¢ direction is par-
allel to the streamwise velocity at all positions and is
scaled such that ¢ = 0 at the beginning of a period and
£ = 1 at the end. It is defined implicitly by (Vy¢) - (V§)
= 0. The angular coordinate ¢ has its usual meaning, In
this coordinate system, diffusion will be important in
the ¢ direction and negligible in the ¢ direction, at high
Péclet numbers,

With neglect of diffusion in the ¢ direction, Equation
(11) can be written as

Vg aC _ 21‘4 1 9 (hoh; aC

hg ¢ - Pe hehwhg oy hw o
Explicit forms for two of the metric factors can be deter-
mined. By inspection, hy = r. Since the stream function

represents the amount of fluid flowing in a stream tube be-
tween a point and the axis

2

TA2

) a2

¢ = J:b Og?‘hq,dxp (13)

after appropriate normalization. It follows that the metric
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factor hy is related to the streamwise velocity vg:

2 1
hy = Ta - (14)
2r vg

Equation (12) now becomes

C 20 g 2]
_— —_— hy —
P e (r/14)%v¢he o

which applies to any PCT.

Unfortunately, Equation (15) cannot be solved by a
separation of variables technique. One can, however,
formulate a perturbation solution to Equation (15) in
the deep region of the bed where the entrance effects
have been damped. Equation (15) suggests as a first
approximation

(15)

% _ (16)

a¢
at large Pe. This would imply that the concentration is
a function of ¢ only and is constant along a streamline.
Any function of ¢ will suffice. The first-order term in
the perturbation solution should then be a function of .
The second-order term will then be a diffusive correction
function to take into account that the concentration must
also be changing in the ¢ coordinate. Assume a solution

of the form
C(y, €) = Ci(y) + Coly €) (17)
Substitution of Equation (17) into Equation (15) yields
aC, 8 d [ 6C1]
—_— = — | (#/14)20h — 18
e T A -t IGT)

after neglect of the diffusive term in Co.

In the far downstream region of a PCT, the fractional
decrease of concentration through each period must be
the same; that is

Clié+1) =C(y, £)e™ (19)

where 8 is independent of position. If we set Cy(y, 0)
= 0, this means that C; and C, are related:

Ca(y, 1) = Cy(y) (7B —~ 1) (20)
Equation (18) can now be integrated from ¢ = 0 to
¢ = 1 to obtain a Sturm-Liouville eigenvalue problem
for the function C; (¢):
d ( dCl)
—\ G 20, =
i () n +aC; =0 (21)
1
cw) =, (t/ra)odude (22)
r4Pe . r4Pe
A= (1l—¢e B == Gl 23
(1 —e8) 3 B 3 (23)

The integral in Equation (22) is carried out over the
arc length for a constant value of ¢ in the integrand,
The second identification of X to gl in Equation (23) is
possible, since Pe — 0.

Equation (21) is to be solved subject to the conditions

C:(0) =1 (24a)
Ci(1) =0 (24b)
€y (0) = — \/G(0) (24¢)

Equation (24a) is a normalization for the first-order solu-
tion. Equation (24b) satisfies the limiting reactant con-
straint of a zero wall concentration. Equation (24c¢) re-
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sults from the fact that the concentration must be finite
on the center line, a singular point of Equation (21).

The first eigenvalue of Equation (21) can be related
to the effective Sherwood number for a deep porous
bed which is modeled as an array of PCT. A macro-
scopic mass balance on the reactant over the length of
the period can be written in terms of an effective mass
transfer coefficient k,, (Newman and Tiedemann, 1976;
Bennion and Newman, 1972). The 8 in Equation (20)
can then be related to this coefficient as

B = kma/v, (25)

With Equations (25) and (23), the Sherwood number
for a limiting reactant in a deep bed with creeping flow
and high Péclet number can be written as

Sha = € knm —X[ 2¢ ]2
7% D T "L aran /T ¥ (172) (A772)2
26)

Equations (26) and (21) are the main results of this
analysis. By means of the perturbation approach, we
have demonstrated how the two-dimensional, convective-
diffusion equation in a PCT can be reduced to a Graetz-
like eigenvaiue problem at high Péclet numbers, The first
eigenvalue of this problem is simply related to the bed-
Sherwood number as given in Equation (26).

The eigenfunction Cy(¢) generated by the perturba-
tion analysis is a first-order approximation to the con-
centration distribution. It identically satisfies Equation
(16) and gives the correct integral properties to the
correction function C,(y, £). The local transfer rate to
the wall can be found by differentiation of this profile
with respect to the normal distance from the wall, After
a change in coordinate system, the analysis yields

C B w dc
| __ VE@RE do @)
on w ZTA dp p=1
where
ng
B = —
() |

The local wall flux is thus proportional to the square
root of the local shear rate. The integral of Equation (27)
over the surface area of a period is related to the eigen-
value,

The left side of Equation (26) depends upon the mac-
roscopic bed quantities @ and e. The right side is a func-
tion of PCT geometry and flow regime through the de-
pendence on A. The eigenvalues of Equation (21) are
independent of the Péclet number in creeping flow. Thus,
irrespective of curvature effects, the asymptotic Sher-
wood number is a constant independent of the Péclet
number for a deep bed.

METHOD OF SOLUTION

The unknown coefficients A,(z) in the interior-collo-
cation approximation for the stream function can be
determined as follows. Equation (1) in the (%, z) co-
ordinate system is applied to Equation (7). [The E*
operator in the (7, z) coordinate system is given in the
appendix.] Interior collocation is then used at NCP points
in the 5 coordinate. Since the y function dependence is
a priori postulated through the ¢, ;(n?), this step re-
duces the partial differential equation to a set of coupled,
fourth-order, ordinary differential equations for the un-
known Ag. This set of equations is solved on a finite-
difference grid in the z coordinate by the method of
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Newman (1973a). Legendre polynomials were used for
the ¢x—1(#?). The 5 collocation points were chosen to
be the zeros of the shifted Legendre polynomials of

order NCP-1:
_ x4+ 1
n=\ 3

where x; is the zero of the ordinary Legendre polynomial.
The wall y = 1 was also used as a collocation point.

The eigenvalue problem as posed in Equations (21)
thru (24) is ill suited numerically to the ¢ coordinate.
Equation (21) has two singular points, one at y = 0
and the other at ¢ = 1. The singularity at ¢y = 0 pre-
sents no problems; however, that at ¢y = 1 does. An
analysis of Equation (21) near the point 4 = 1 in-
dicates that the first derivative of C; approaches infinity.
A change in coordinate will eliminate this singularity.
Define a lengthlike transformation variable p as

¥ = 2p% — pt (28)

Equation (21) and its boundary conditions then trans-
form as

d ( GW(p)) dCy
dp Ndp(1—p?) dp

) + dp(l—p2)C; =0

(29)

Cilp=0)=1 (30a)

Cilp=1)=0 (30b)

-d—Cl(p =0)=0 (30¢)
dp

Equations (29) and (30) were solved by the method
suggested by Newman (1973b) for eigenvalue problems.

All calculations were done on a CDC 7600 computer.
Further details of the analysis and numerical programs
have been compiled by Fedkiw.

RESULTS AND DISCUSSION

The hydrodynamic results will be discussed first, fol-
lowed by the mass transfer problem,

The interior-collocation solution technique for stream
function required a maximum of nine (NCP = 9) 4
collocation points to insure sufficient accuracy of the
solution. It was found that more collocation points were
required as the dimensionless wall radius was increased,
nine being the maximum for the most extreme case con-
sidered (ry = 0.5, A/ry = 0.5). Since this approximation
solution is solved in a generalized (», z) coordinate sys-
tem, it facilitates a straightforward calculation for the
velocity field in any tube in the shape of a periodic body
of revolution. The reduction of the eliptic partial dif-
ferential equation to a set of coupled ordinary equations
is more economical to solve in terms of computer time
usage.

A Dboundary-collocation solution technique was also
attempted but was discarded. The general solutions (by
separation of variables) to Equation (1) involve modified
Bessel functions of the first kind. Unfortunately, these
functions do not form a complete set, and the correction
function expansion technique similar to Equation (7)
did not converge.

Figure 4 shows a comparison between the creeping
flow axial velocity profile calculated here and that re-
ported by Payatakes et al. for a tube Reynolds number
equal to 1. The profiles are compared at the minimum
and maximum (z = 0.5) constriction diameters. The
tube wall for these profiles is generated by two parabolas
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Fig. 4. Comparison of calculated axial velocity profiles with those
of Payatakes et al. for a parabelic PCT.

intersecting at z = 0.5 with their respective minima at
z = 0 and z = 1 (see Figure 1 of Payatakes et al.). The
boundary conditions for the A;’s in Equation (8) were
at z = 0 and 1.0 for this situation. The velocity here is

A/rA =1/3

4.0

3.5

3.0

25k

2.0

1.5

o

0 0.2 0.4 0.6 0.8 1.0
r/ry, (2)
Fig. 5. Effect of amplitude/radius ratio on axial velocity profiles for

a sinusoidal PCT with rq4 — 0.1.
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Fig. 6. Effect of amplitude/radius ratio on radial velocity profiles
in a sinusoidal PCT for rg4 == 0.1 at z = 0.25.

scaled with respect to the average velocity in a tube
of constant radius equal to the constriction radius. At
the center line, the viscous flow profile is slightly larger
than that of Payatakes et al. calculations. However, near
the wall this trend is reversed. The integral of all the
profiles is equal to a constant defined by the flow rate.

Figures 5 thru 8 show some typical creeping flow pro-
files in a sinusoidal PCT. The two dimensionless geometry
groups r4 and A/r, completely determine the solution be-
havior, These four figures illustrate the effect on the
velocity profiles of manipulating one of these variables
with the other held constant. The velocity profiles have
been normalized with the average velocity at the aver-
age radius,

The effect on the axial and radial velocity profiles of
varying the wall amplitude at a constant average radius
is shown in Figures 5 and 6, The radial velocity profile
is plotted at z = 0.25. At this position, v, attains its
maximum value. These figures indicate that at a con-
stant radius the variation in the velocity profiles across
a half period becomes more dramatic as the oscillation
amplitude increases,

Figure 7 and 8 illustrate the velocity profiles for a
varying wall radius at a constant A/r,. The effect of
the tube geometry is again seen. The radial velocity
increases with 4, since the velocity of the fluid in the
radial direction is proportional to the slope of the wall.
However, the variations in the axial velocity profiles
across the half period become less pronounced with in-
creasing r4. This effect is due to the drag induced by
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the wall. As r, increases, the effect of the wall fluctua-
tions become less important to the fluid in the central
core of the tube.

The profiles of Figures 5 thru 8 have been nondimen-
sionalized with respect to the average axial velocity at
the average tube radius. This normalization procedure
illustrates the variation of the profiles from that at the
average tube radius. If these profiles are multiplied by
[w(z)/r4]? the resulting prosles are then normalized
by the average axial velocity at position z. Such a cal-
culation shows that the parabolic axial velocity profile
is approached as rs becomes smaller. The radial velocity
protile is then given by continuity. In the limit of r4 — 0,
the Hagen-Poiseuille case is recovered,

Figure 9 illustrates the bed friction factor-Reynolds
number product of Equation (10) as a function of r,
and A/ra. The product fpRep involves the macroscopic
bed parameters Lg, ¢, and a. The microscopic PCT pa-
rameters r4 and A/rs can be varied while these bed
parameters are held constant, As A/r increases, the
tubes become more narrow at their constrictions. Be-
cause of the increased resistance this reduced flow area
offers, the bed pressure drop increases with A/rs. This
effect decreases with larger r4, since the constriction size
at any A/r, increases with ry.

The relative insensitivity of fgRep with r4 seen in Fig-
ure 9 supports the approximation of assuming that the
Hagen-Poiseuille pressure gradient-flow rate relationship
holds locally for sinusoidal PCT. This approximation was
used by Sheffield and Metzner (1976).

The Blake-Kozeny equation as given in Bird et al.
(1960) empirically recommends a value of 150 for the
product fzRep. Sgrenson and Stewart (1974) have cal-
culated the velocity profiles across a simple cubic packing
of uniformly sized spheres, Their pressure drop results
yield a theoretical value of 158. Figure 9 shows that a
range of parameters (rs, A/r,) will give a fsRep near
these two values., The A/r, ratio which gives fzRep a
value near 150 seem to be concentrated near 0.33,

3.0 T I l T

ry,=0.1
_ ‘A Y
2.5 0.3

0.5

20F os

0.1

z=0.5

! | l
0.4 0.6 0.8 1.0

r/r,(z)

0 1
0] 0.2

Fig. 7. Effect of average tube radius on axial velocity profiles in o
sinusoidal PCT for A/rs = 0.1.
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Fig. 8. Effect of average tube radius on radial velocity profiles in
a sinusoidal PCT for A/rs = 0.1 at z = 0.25.

The straight tube capillary model gives the intercept
value of 72 on Figure 9. The usual argument given in
explaining the discrepancy between this value and the
empirically best fit value of 150 is a tortuosity and shape
factor. The PCT model of a packed bed does not resort
to these factors, However, another geometrical param-
eter (A/r4) has been added.

The mass transfer analysis presented in this work can
be used to calculate the high Péclet number asymptotic

| I | =
0.2

0.9 | | | I
O OlI 02 03 04 05

A/rA

Fig. 10. Eigenvalues for the mass transfer problem in a sinusoidal
PCT normalized with respect to the Graetz problem.
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Fig. 9. Friction factor, Reynolds number product for a packed bed

modeled as an array of sinusoidal PCT,

Sherwood number for any periodic tube. Only the stream
function need be known. Calculated results are presented
for the sinusoidal PCT of Figure 2 in creeping flow. The
results are a function of the two dimensionless geometric
parameters r4 and A/r4.

Figure 10 presents the first eigenvalue of Equation (21)
normalized with respect to the first eigenvalue of the
straight tube Graetz problem (A¢ = 0.91419). This plot

1.0 | | | T

0.8}

o7

Sh 0.5

0.5 -

| ] ]
0.2 0.3 0.4
A/rA

0.4 '
0

0.1 0.5

Fig. 11. Asymptotic Sherwood number for a packed bed modeled as
an array of sinusoidal PCT.

May, 1977 Page 261



can also be interpreted as the ratio of the asymptotic
Sherwood number (based on the average radius rsq) of
a sinusoidal PCT to that in a straight tube of radius r44.
Figure 11 presents the Sherwood number for a packed
bed modeled as an array of sinusoidal PCT. The con-
centration drop across the bed can be written as

aLB

€

Inecy/cr, = Shg Pey (31)

Figure 10 shows a monotonic behavior of the eigen-
values with r4 and A/r,, However, the bed-Sherwood
number shows different trends for small and large r4.
For small r4, Shp increases with A/r4, whereas for larger
r4 this trend reverses itself. This effect is caused by the
geometrical term in Equation (26).

The quantity 2¢/a in Equation (26) is the standard
definition for the equivalent radius of the bed. This
defines the bed in terms of a straight cylinder network
of radius feqq having the same surface area to empty
volume ratio. The quantity r44®[1 + (1/2)(A/rs)*] in
the denominator of Equation (26) defines another equiv-
alent radius rv¢® This is the volumetric average radius
for a sinusoidal PCT. For long skinny PCT (small r4),
the ratio (req/7;)? is greater than 1 and increases with
A/r4. Thus, for a bed composed of these tubes, the Sher-
wood number increases as A/r, is increased. However,
as ry becomes larger, the ratio (req/1,)? becomes less
than 1, and Shg decreases with A/r4.

For most beds, r4 will be bounded approximately by
0.3 < ry < 0.5, while the A/r4 ratio will be in the range
0.2 < A/rs < 0.5, perhaps close to 0.33. Payatakes et al.
report these parameters for a randomly packed bed of
glass spheres as r4 = 0.3, A/ry = 0.36, and for a bed
of sand as r, = 0.31, A/ry, = 0.41.

Sgrenson and Stewart (1974) have calculated the asymp-
totic value of the Sherwood number in a simple cubic
packed bed of uniform sized sphercs. Their results yield
Shg = 0.619. This information can be used in conjunc-
tion with the friction factor, Reynolds number product
calculated by these same authors. This suggests that the
PCT parameters for a simple cubic packing of spheres
are 14 =~ 0.5 and A/ry =~ 0.33. We expect this r4 valuc
to be an upper limit for uniform spheres, since the
simple cubic packing has the highest porosity of all sphere
packing configurations.

No experimental packed bed heat or mass transfer
correlations are known to the authors which demonstrate
a transfer rate independent of velocity. Three factors
can mask this asymptote: at very low velocities, axial
dispersion may become important; at high flow rates,
turbulence becomes important; and at the intermediate
flow rates, the entire bed may be in the entry region
(small aL). However, the asymptotic Sherwood number
gives a conservative estimate useful for design purposes.
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NOTATION

a = specific interfacial area of bed, ecm—1

A = dimensionless wall oscillation amplitude, Aqg/l
Ax(z) = interior collocation coefficient functions
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Co = concentration of limiting reactant entering bed,
mole/cm?

= concentration of limiting reactant leaving bed,

mole/cm?

dimensionless reactant concentration (Cyq — Cy)/

(Cb - Cw)

diffusion coefficient of reactant, cm?/s

bed friction factor defined by Equation (9)

function of  defined by Equation (22)

hy, he, hg = dimensionless metric factors

effective mass transfer coefficient of a bed, em/s

o
=
|

a
Il

fz
G

[l

Lg = length of bed, cm
It = length of PCT period, cm
®p = pressure in bed
Pe = reactant Péclet number in a PCT, 2raq <v44>/D
Peg = bed Péclet number, v,/aD
r == dimensionless radial coordinate, r4/1
r4 = dimensionless average PCT radius, r44/1
feqd = equivalent radius, 2¢/a
rvg = volumetric equivalent radius,
7~Ad\/1 + (1/2) (A/TA)Z
rp = dimensionless wall radius, r4/1
Rep = bed-Reynolds number, v,/av
Shg = bed-Sherwood number, k,,/aD
U = superficial approach velocity, cm/s

<vaqs> = average velocity in a tube of constant radius

Tag, CM/S
v, = dimensionless radial velocity, v,a/ <tss>
v, = dimensionless axial velocity, v,q/<vasa>

vg dimensionless streamwise velocity, \/v,2 + v,2

dimensionless axial coordinate, zq/!

(tn

~
~

Greek Letters

B = constant defined by Equation (10), cm™!
€ = bed porosity
v = kinematic viscosity, cm?2/s
£ = streamwise coordinate
p = transformation coordinate of Equation (28)
7 = r/r.(z)
9 = polar coordinate
X = eigenvalue of Equation (21)
W = dimensionless normalized stream  function,
—2¢a/1244<0aa>
{¢x} = complete set of functions
Subscripts
d = dimensional quantity
b = bulk
APPENDIX A
E* operator in (m, z) coordinate system
, o 4
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Multicomponent Liquid Phase Adsorption

in Fixed Bed

Although multicomponent, liquid phase adsorption is often encountered

J. S§. C. HSIEH
RAFFI M. TURIAN

in industrial application, most of the studies concerning fixed-bed sorption and

processes have been dealt primarily with systems containing one adsorbable
species. The present work provides a numerical solution to the fixed-bed,
multicomponent adsorption problem, taking into account both separately
or in combination the effect of liquid and/or solid phase mass transfer re-
sistance and of variation of the assumed governing adsorption isotherm.

CHI TIEN

Department of Chemical Engineering
and Materials Science

Syracuse University

Syracuse, New York 13210

Numerical solutions of several example problems are presented and com-
pared with results based on equilibrium theory and a simplified method

developed by Cooney and co-workers previously (1972).

SCOPE

This work was undertaken in order to establish a rig-
orous general theoretical model pertaining to fixed-bed
adsorption in multicomponent liquid systems. The non-
equilibrium theory developed here is capable of accom-
modating, separately as well as in combination, the effects
of liquid and/or solid mass transfer resistances and of

J. S. C. Hsieh is with the Scott Paper Company, Philadelphia, Penn-
sylvania. R. M. Turian is with the National Science Foundation on
leave from Syracuse University.
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variations in the form of the assumed governing adsorp-
tion isotherm, and it can therefore be used to estimate
the interactive influences of these effects. Furthermore,
the present theory can be used to assess the effectiveness
of approximations based on the computationally conve-
nient, though physically unrealistic, concepts of equilib-
rium or single solute lumping. The theory can be extended,
in principle, to account for an increasing number of pos-
sible adsorbable species, and this makes it particularly
apt for wastewater adsorption processes,
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